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biology. The main advantages are rapid heat and mass 
transfer, rigorous control of the operating conditions and 
small volumes, which are important for hazardous and 
expensive reagents. Two-phase microfluidics, in particular 
droplet-based microfluidics, has the additional advantage 
to avoid dispersion of residence times and thus enhances 
chemical and biochemical screening, protein crystalliza-
tion, enzymatic kinetics and assays (Song et al. 2006). 
More recently, droplets have been replaced by bubbles to 
study gas–liquid physical processes in microfluidics (see, 
e.g., Kashid et al. 2011 and references therein). Carbon 
dioxide-related studies in so-called segmented-flow micro-
fluidics have specifically been abundant over the past years 
(Abolhasani et al. 2014), including dissolution of CO2 in 
solvents such as water (Sun and Cubaud 2011), CO2 reac-
tion and sequestration (Voicu et al. 2014) and the use of 
supercritical CO2 as a “green” solvent (Leitner 2002). In 
that context, and given the importance of bubble–liquid 
mass transfer in these microfluidic applications, the present 
paper aims at modeling the dissolution of a chain of gas 
bubbles in microchannels.

Gas–liquid two-phase flow patterns in microchannels 
were investigated by Cubaud and Ho (2004) and by Kim 
et al. (2011) in square and rectangular microchannels, 
respectively. In both works, five regimes were reported, 
depending on the gas and liquid superficial velocities in 
the microchannel and named by Cubaud and Ho (2004) as 
the bubbly, the wedging, the slug, the annular and the dry 
flows. Similar regimes were observed in circular channels 
of 1 mm diameter by Triplett et al. (1999a, b).

Additionally, the presence of surface-active contaminants 
can have a great influence on the dynamics and morphology 
of a bubble in a microchannel, because they can modify the 
boundary conditions at the bubble–liquid interface (Haber-
man and Morton 1953; Clift et al. 1978). Indeed, surface 

Abstract A model is proposed to describe the dissolu-
tion of a chain of spherical pure gas bubbles into a non-
volatile liquid, along square and circular microchannels. 
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the model. The validity and the different applications of the 
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1 Introduction

Nowadays, microfluidic devices are increasingly used 
for fundamental and exploratory studies in chemistry and 
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concentration gradients of surfactant induced by the relative 
motion of the bubble into the liquid provoke surface stresses 
that usually “rigidify” the bubble surface and lead to a bub-
ble behavior similar to a rigid body.

In this paper, we exclusively investigate the bubbly flow 
regime in square and circular microchannels. The bubbly 
flow corresponds to discrete spherical bubbles, with diame-
ters smaller than the microchannel hydraulic diameter, mov-
ing in a continuous liquid phase. To the best of our knowl-
edge, a mathematical model to describe the dissolution of 
a chain of bubbles into a liquid along a square or a circular 
microchannel, taking into account convective effects in the 
liquid, has not been proposed yet for the bubbly flow regime. 
In the work of Cubaud et al. (2012), a bubbly flow was 
observed when investigating experimentally the dissolution 
of CO2 bubbles in water in a nearly square microchannel. 
Nevertheless, the mass transfer between these bubbles and 
the surrounding liquid was not quantified in this work. The 
dissolution of CO2 bubbles in sodium dodecyl sulfate (SDS) 
solutions along a rectangular microchannel was investigated 
by Shim et al. (2014) and a dissolution model was proposed. 
However, the considered Péclet numbers allowed neglect-
ing, in this model, convective effects on the gas–liquid mass 
transfer. Furthermore, only confined, i.e., non-spherical, bub-
bles were considered in that work.

In our previous work (Mikaelian et al. 2015), a numeri-
cal procedure was developed in order to analyze the 
dynamics of a spherical bubble among a chain of bubbles 
in a square or a circular microchannel, as well as the mass 
transfer between this bubble and the surrounding liquid. In 
that work, incompressible Newtonian liquids were consid-
ered, with homogeneous and time-independent viscosity 
and density. The bubble was assumed spherical and located 
at the center of the microchannels. A one-sided approach 
was adopted; i.e., assuming that the bubble–liquid mass 
transfer was limited by phenomena taking place in the liq-
uid phase. Furthermore, in a reference frame attached to the 
bubble, the liquid flow and the mass transport in the liquid 
were considered quasi-steady; i.e., the time derivatives in 
the mass and momentum transport equations in the liquid 
phase were set to zero.

Two limiting cases were considered in our previous 
work (Mikaelian et al. 2015) regarding the gas–liquid inter-
face: a stress-free interface (i.e., no viscous stress is exerted 
by the bubble on the liquid, such that a stress-free condi-
tion is applied at the interface) and a rigid interface (i.e., 
the bubble behaves as a solid sphere such that a no-slip 
condition is applied at the interface). Results obtained with 
the developed numerical procedure were used in order to 
establish correlations expressing the velocity of the bubble 
and the Sherwood number, characterizing the mass transfer 
between the bubble and the surrounding liquid, as functions 
of the control parameters of the system. These correlations 
are presented in Table 1 with notations defined in Table 2; 
they were obtained for a sufficiently large computational 
periodic domain (the length of which represents the dis-
tance between two successive bubbles), such that they are 
independent of its length.

This previous work (Mikaelian et al. 2015) focused on 
the scale of a single spherical bubble, at quasi-steady state 
in a microchannel. In the present paper, the correlations 

Table 1  Correlations obtained 
in Mikaelian et al. (2015) for 
the different cases considered in 
that paper

They were established for 0.15 ≤ d/dh ≤ 0.75, 1.70 ≤ Re ≤ 39.84 and 152 ≤ Sc ≤ 551.3

Square microchannel Circular microchannel

Stress-free interface VB
JA

= 1+ 1.1 exp

[

−

(

d
dh

)5
]

(1) VB
JA

= 1+ exp

[

−1.83
(

d
dh

)5
]

(3)

Sh = 2+ 3Re1/3Sc1/3 d
dh

(2) Sh = 2+ 2Re2/5Sc2/5 d
dh

(4)

Rigid interface VB
JA

= 1+ 1.1 exp

[

−1.5
(

d
dh

)9/4
]

(5) VB
JA

= 1+ exp

[

−1.92
(

d
dh

)9/4
]

(7)

Sh = 2+ 1.6Re1/3Sc1/3 d
dh

(6) Sh = 2+ 1.8Re1/3Sc1/3 d
dh

(8)

Table 2  Notations and dimensionless numbers

Symbol Description Expression

VB Bubble velocity (ms−1) JA =
QL+QG

AΣ

QL Liquid volumetric flow rate (m3 s−1)

QG Gas volumetric flow rate (m3 s−1)

AΣ Area of the cross section of the microchannel 
(m2)

JA Total superficial velocity (ms−1)

d Bubble diameter (m)

dh Hydraulic diameter of the microchannel (m)

D Diffusion coefficient of the gas into the liquid 
(m2 s−1)

ρ Density of the liquid (kg m−3)

µ Dynamic viscosity of the liquid (Pa s)

kl Bubble–liquid mass transfer coefficient (ms−1)

Re Reynolds number Re =
ρVBd
µ

Sc Schmidt number Sc =
µ
ρD

Sh Sherwood number Sh =
kld
D
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presented in Table 1 are integrated into a mathematical 
model of a whole microchannel, where a chain of spherical 
bubbles is dissolving into a liquid. This so-called dissolu-
tion model is based on mass and momentum balances. It is 
a continuous model in which variables, such as the liquid 
and gas pressures, the bubble diameter, the dissolved gas 
concentration, the distance between two successive bub-
bles, the bubble velocity, the liquid fraction and the mass 
transfer coefficient, are written as continuous functions of 
a coordinate along the microchannel. Pure gas bubbles are 
considered in this model, with either a stress-free or a rigid 
interface, in a square or a circular microchannel.

The dissolution model development is presented in 
Sect. 2. In Sect. 3, the model is used in order to demonstrate 
its capabilities and compare its solutions to experimental 
data available in the literature. In Sect. 4, different applica-
tions of the model as well as its validity are discussed. Con-
clusions and perspectives are presented in Sect. 5.

2  Dissolution model

We first define a coordinate x along the microchannel, with 
the origin placed at the position where spherical bubbles 
are generated, ensuring that the ranges for applying the cor-
relations of Table 1 are respected. Unless specified other-
wise, the notations used in the dissolution model are given 
in Table 2.

The liquid fraction αL(x) is defined as

where QL is taken independent of x thanks to the fact that 
the gas density is much lower than the liquid density, such 
that the amount of gas dissolved into the liquid does not 
significantly affect its flow rate. Denoting ℓ(x) the distance 
between the center of two successive bubbles, as depicted 
in Fig. 1, one can write QG(x) =

πd(x)3

6ℓ(x)
VB(x), and express-

ing the total superficial velocity as JA(x) =
QL+QG(x)

AΣ
, Eq. 9 

can be rewritten as

(9)αL(x) =
QL

QL + QG(x)
,

It can be shown (see “Separation distance between two 
successive bubbles along the microchannel” section of 
“Appendix”) that the relative variation of ℓ(x) is equal to 
the relative variation of VB(x), i.e.,

where the prime denotes the derivative with respect to x. 
According to Cubaud and Ho (2004), the case of a bubbly 
flow is characterized by 0.75 < αL < 1, in the regime of 
which the pressure gradient in the liquid phase p′(x) can be 
expressed as the pressure gradient along the microchannel 
for a single liquid phase divided by the liquid fraction, i.e.,

where JL = QL/AΣ is the liquid superficial velocity in the 
microchannel and γ = 56.8 for a square channel or γ = 64 
for a circular channel (Bruus 2008). The superficial veloc-
ity can also be expressed as

The pressure in the gas phase, denoted pG(x), can be 
calculated from the pressure in the liquid phase using the 
Young–Laplace equation:

where σ is the surface tension of the bubble–liquid 
interface.

A mass balance for the transferred species between the 
gas and the liquid phases, written for a control segment of 
the microchannel of length �x, leads, for �x → 0, to the 
equation for the evolution along the microchannel of the 
concentration C(x) of the dissolved gas into the liquid phase,

with T the temperature (assumed constant along the micro-
channel) and R the ideal gas constant. Details for obtain-
ing Eq. 15 are provided in “Concentration of the dissolved 
gas in the liquid phase along the microchannel” section of 
“Appendix.”

Change in diameter for a bubble dissolving along the 
microchannel into a nonvolatile liquid has two origins: the 
mass transfer between the bubble and the liquid phase and 
the dependence of the bubble volume with the pressure. 

(10)
αL(x) = 1−

πd(x)3

6AΣℓ(x)

VB(x)

JA(x)
.

(11)ℓ′(x) =
V ′
B(x)ℓ(x)

VB(x)
,

(12)p′(x) = −
γµJL

2d2hαL(x)
,

(13)JA(x) =
JL

αL(x)
.

(14)pG(x) = p(x)+
4σ

d(x)
,

(15)C′(x) =
−αL(x)p

′
G(x)+ α′

L(x)pG(x)+ α2
L(x)p

′
G(x)

α2
L(x)RT

,

Fig. 1  Representation of two successive bubbles in the microchannel
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Performing a mass balance for a single bubble on a short time 
interval, and using the law of perfect gas, the equation for the 
evolution along the microchannel of the bubble diameter is

where Csat(x) = H pG(x) is the saturation concentration of 
the dissolved gas in the liquid, with H the Henry coefficient 
of the gas–liquid combination, and kl(x) = DSh(x)

d(x)
 is the 

mass transfer coefficient between the bubble and the liquid. 
The details for obtaining Eq. 16 are provided in “Bubble 
diameter along a microchannel” of “Appendix.”

To summarize, the dissolution model consists of 9 
equations:

•	 four first-order ordinary differential equations (Eqs. 11, 
12, 15 and 16);

•	 the Young–Laplace equation (Eq. 14);
•	 the equations for αL(x) (Eq. 10) and for JA(x) (Eq. 13);
•	 the appropriate correlations to express Sh(x) and 

VB(x)/JA(x) as functions of d(x)/dh,µ/(ρD) and 
ρVB(x)d(x)/µ (see Tables 1, 2). The correlations to be 
used depend on the types of microchannel and interfa-
cial boundary condition.

The four first-order ordinary differential equa-
tions need to be completed by four boundary conditions: 
ℓ(0) = ℓ0, d(0) = d0,C(0) = C0 and p(0) = p0. Alterna-
tively, if the total length of the microchannel, say Lout, is known, 

(16)
p′G(x)d(x)+ 3pG(x)d

′(x)

6RT
= −

1

VB(x)
kl(x)[Csat(x)− C(x)],

the last boundary condition can be replaced by p(Lout) = pout, 
where pout is the pressure at the microchannel outlet.

Input parameters of the dissolution model are 
ρ,µ, σ ,D,H, dh,AΣ , γ , Lout, T ,QL , p0, ℓ0, d0,C0. The val-
ues of the physicochemical properties ρ,µ, σ ,D and H depend 
on the liquid–gas combination used in the microchannel and on 
the temperature. The values of dh,AΣ , γ and Lout depend on the 
geometry of the microchannel, while T ,QL , p0 and C0 are usual 
control parameters. The values of ℓ0 and d0 depend on the geom-
etry of the bubbles generation system (T-junction, flow-focusing, 
co-flow, ...), as well as the control parameters of the model and 
the physicochemical properties of the liquid–gas combina-
tion. The nine output variables of the dissolution model are 
p(x), pG(x), d(x),C(x), ℓ(x),VB(x),αL(x), JA(x) and kl(x).

The equations of the dissolution model are solved using 
Wolfram Mathematica 9.

3  Model capabilities

3.1  Influence of the interfacial boundary condition 
on gas dissolution

The dissolution of spherical CO2 bubbles in water along 
a square microchannel is analyzed using the dissolution 
model. Bubbles with a stress-free interface or bubbles with 
a rigid interface are considered, in otherwise identical condi-
tions. Input parameters of the dissolution model are given in 
Table 3, and the results are presented, in dimensionless forms, 
in Fig. 2 (left and center). It is worth mentioning that, using 
the values given in Table 3, Csat(0) = Hp0 = 134molm−3. 
As C0 is taken equal to 127 mol m−3, it means that, at x = 0, 
the liquid is, on purpose, not far from being saturated with 
CO2. This initial condition enables highlighting qualitative 
differences between the different cases considered in this sec-
tion, as well as in the following one.

As shown in Fig. 2, the pressure in the liquid phase 
is decreasing along the microchannel, as expected. 
The pressure in the gas phase is almost the same as 
in the liquid phase, but when the bubbles disappear 
(i.e., for d → 0), the pressure in the gas phase becomes 
significantly larger than in the liquid phase due to the 
Laplace pressure [see Fig. 2 (center)]. The evolution 
of the pressure in the gas phase along the microchan-
nel determines the evolution, along the microchannel, 
of the saturation concentration since Csat(x) = H pG(x).  
It is worth mentioning that the slope of p(x) is not 
constant because αL(x) is not constant along the 
microchannel (see Eq. 12). This nonlinearity is how-
ever small and barely visible in Fig. 2. It can also be 
observed in Fig. 2 that the separation distance between 

Table 3  Input parameters of the dissolution model for CO2 bubbles 
in water. The type of microchannel is specified when necessary

Parameter Value

QL (µl min−1) 120

d0 (µm) 140

dh (µm) 200

AΣ (m2) 4× 10−8 (square)

π × 10−8 (circular)

D (m2 s−1) 1.91× 10−9

ρ (kg m−3) 1000

µ  (Pa s) 0.001

σ (N m−1) 0.0723

H (mol m−3 Pa−1) 0.000336

T  (K) 298.15

ℓ0  (mm) 5

p0  (bar) 4

C0 (mol m−3) 127

Lout  (m) 0.8

γ 56.8 (square)

64 (circular)
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the center of two successive bubbles, i.e., ℓ(x), does 
not vary much along the whole microchannel.

The evolution of d(x) along the microchannel is due to 
two distinct phenomena. The pressure decrease along the 
microchannel tends to increase the bubble volume. The 

gas–liquid mass transfer tends to decrease the bubble vol-
ume when C(x) < Csat(x) (absorption) and tends to increase 
the bubble volume when C(x) > Csat(x) (desorption). 
As p(x) is decreasing when x increases, a transition from 
absorption to desorption might occur in the microchannel, 

Fig. 2  CO2 bubbles dissolving in water along a microchannel. 
Solutions of the dissolution model for: (left) a square microchannel 
containing bubbles with a rigid interface, (center) a square micro-
channel containing bubbles with a stress-free interface and (right) a 
circular microchannel containing bubbles with a stress-free inter-

face, in otherwise similar conditions. Input parameters used to 
generate these plots are given in Table 3. Output variables, namely 
p(x), pG(x), d(x),C(x),Csat(x), ℓ(x),VB(x),αL(x) and kl(x), are pre-
sented in dimensionless forms
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especially at low values of kl and when C0 is close to Csat(0). 
If such a transition is encountered, a complete dissolution of 
the bubbles would not be obtained. Comparing the two first 
columns in Fig. 2, a complete dissolution is obtained in the 
case of a stress-free interface, while a partial dissolution is 
obtained in the case of a rigid interface.

At given values of d(x)/dh and JA(x), the bubble veloc-
ity VB(x) is higher for a bubble with a stress-free interface 
than for a bubble with a rigid interface (see Eqs. 1 and 5), 
as it is observed in Fig. 2 (left and center). Therefore, in a 
microchannel, a bubble with a stress-free interface reaches 
faster low values of pG(x), and thus low values of Csat(x), 
than a bubble with a rigid interface, in otherwise identical 
conditions. The time-averaged driving force for gas–liquid 
mass transfer is thus lower for the bubble with a stress-
free interface than for the bubble with a rigid interface. 
On the other hand, at given values of d(x)/dh,µ/(ρD) and 
ρVB(x)d(x)/µ, kl(x) is higher for a bubble with a stress-
free interface than for a rigid interface (see Eqs. 2 and 6), 
as it is observed in Fig. 2 (left and center). For the cases 
presented in Fig. 2 (left and center), a complete dissolu-
tion is observed when a stress-free interface is considered, 
while a partial dissolution is observed when a rigid inter-
face is considered. These observations imply that, for the 
conditions given in Table 3, the increase in kl(x) overcomes 
the decrease in the time-averaged driving force for the gas–
liquid mass transfer, when a stress-free interface is consid-
ered instead of a rigid interface.

The boundary condition at the bubble–liquid interface 
is therefore of primary importance and can be linked in 
practice to the possible rigidity of the interface conferred 
by the presence of surfactants: A stress-free condition can 
be applied in the case of a clean interface, and a no-slip 
condition can be applied in the case of an interface “rigidi-
fied” under the flow by the presence of surfactants (see 
Sect. 1). Therefore, by changing from a clean interface to 
a “rigidified” interface, it is possible under certain condi-
tions to switch between a complete and a partial dissolution 
of bubbles in microchannel. Similar conclusions have been 
observed in a circular microchannel instead of a square one 
and are thus not represented here.

3.2  Influence of the microchannel type on gas 
dissolution

In this section, the dissolution in water of spherical CO2 
bubbles with a stress-free interface is analyzed using the 
dissolution model. A circular or a square microchannel is 
considered, in otherwise similar conditions, as given in 
Table 3. Comparing the two last columns in Fig. 2 shows 
that a complete dissolution is obtained in the case of a 
square microchannel, while a partial dissolution is obtained 
in the case of a circular microchannel.

On the one hand, the bubble velocity VB(x) is 
smaller in the square than in the circular microchan-
nel, even though it is not visible in Fig. 2. Indeed, 
VB(x)/JA(x) appears to be smaller in the circular than 
in the square microchannel (see Fig. 2, center and 
right), but this apparent discrepancy is due to the fact 
that, for a fixed value of dh, the cross-sectional area 
AΣ is 4/π times larger for a square than for a circu-
lar microchannel (see Table 3). Therefore, at a given 
value of QL, all other parameters remaining the same, 
JL and thus JA(x) are smaller in the square than in 
the circular microchannel, such that VB(x) is actually 
smaller in the square than in the circular microchan-
nel. As a consequence, the time-averaged driving 
force for gas–liquid mass transfer is larger for bub-
bles in the square than in the circular microchannel, 
following the same reasoning than in the previous 
section. This behavior is reinforced by the fact that 
−p′(x) is larger in the circular microchannel than in 
the square one (see Eq. 12), due to the larger values of 
γ  and JL in the circular microchannel.

On the other hand, Sh(x) is larger in the circular micro-
channel than in the square one (see Fig. 2, center and right), 
which is due to the larger values of Re = ρVB(x)d(x)/µ in 
the circular microchannel than in the square one.

As a complete dissolution is observed in the square 
microchannel and not in the circular one, this indicates that, 
for the conditions given in Table 3, the increase in the time-
averaged driving force for the gas–liquid mass transfer 
overcomes the decrease in kl(x), when a square microchan-
nel is considered instead of a circular one. Similar conclu-
sions have been observed when the interface is rigid instead 
of stress-free and are thus not represented here.

3.3  Parametric sensitivity analysis

The parametric sensitivity analysis presented here consists 
in monitoring the variation of the length needed for the 
complete dissolution of the bubbles, denoted Ldiss, when 
the value of one input parameter is changed, the values of 
the other ones being kept constant, say at their reference 
values. The reference values used for the input parameters 
are the ones given in Table 3, except C0 that is set to zero. 
Bubbles with a stress-free interface in a square microchan-
nel are considered. The values of the different input param-
eters are varied such that d/dh, Re and Sc remain in their 
ranges of validity of the correlations given in Table 1. Note 
that Ldiss is independent on the density ρ: It cancels out in 
the correlations of Table 1 to calculate Sh since the expo-
nents of Re and Sc are identical. Note that µ also cancels 
out in the correlations of Table 1 to calculate Sh, but it also 
appears in Eq. (12) of the model. Results of this parametric 
sensitivity analysis are given in Figs. 3 and 4.
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Trends presented in Fig. 3 can be understood as fol-
lows. As µ increases, the pressure drop in the liquid phase 
along the microchannel increases (see Eq. 12), leading to 
a larger decrease in p(x), pG(x) and thus Csat(x) along the 
microchannel. Therefore, the driving force for gas disso-
lution decreases and Ldiss increases. The influence of µ on 

Ldiss is however limited, because, as shown later, the influ-
ence of p(x) or pG(x) on Ldiss is small. When D increases, 
Ldiss decreases because gas dissolution is promoted. When 
σ increases, Ldiss decreases because pG(x) and thus Csat(x) 
increases. Nevertheless, the influence of σ on Ldiss is small. 
Finally, an increase in H logically promotes the mass transfer 

Fig. 3  Influence of the phys-
icochemical properties on the 
complete dissolution length Ldiss 
in a square microchannel with a 
stress-free interface

Fig. 4  Influence of the operat-
ing conditions on the complete 
dissolution length Ldiss in a 
square microchannel with a 
stress-free interface
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from the bubbles into the liquid phase and leads to a decrease 
in Ldiss, which is clearly the most significant influence.

Trends presented in Fig. 4 can be understood as follows. 
When the initial size of the generated bubbles, d0, increases, 
the microchannel length needed to dissolve them increases 
too. When QL and thus JL increase, VB increases (see 
Table 1 and Eqs. 9 and 13), leading to an increase in Ldiss
, as explained in Sect. 3.1. When dh increases, JL decreases 
for a constant QL and therefore Ldiss decreases. When C0 
increases, the driving force for gas dissolution decreases and 
Ldiss increases. When ℓ0 increases, the distance between two 
successive bubbles increases. Therefore, the concentration 
in the liquid phase of the dissolved gas is lowered and gas 
dissolution is promoted. In Eq. 16, it can be seen that when 
pG increases, the driving force for the dissolution of the bub-
bles increases but the amount of gas molecules in the bub-
bles increases too. These two increases have opposite effects 
on the change in Ldiss. As the pressure gradient in the liquid 
phase is small (see Fig. 2) and as C0 = 0, the dominating 
quantities in Eq. 16 are pG(x)d′(x) on the left-hand side and 
Csat(x) = H pG(x) on the right-hand side, such that pG(x) 
can roughly be simplified in this equation. It explains the 
small influence of pG(x), and thus of p(x) and p0, on Ldiss.

Influences of d0 and ℓ0 on Ldiss have been analyzed here 
by considering them as independent of p0 and QL. But, as 
mentioned at the end of Sect. 2, ℓ0 and d0 should be related 
to p0 and QL, depending, among others, on the bubbles gen-
eration system in use (T-junction, flow-focusing, co-flow).

It is important to emphasize that this parametric sensi-
tivity analysis is only an example, to give general trends. 
The amplitude of the variation of Ldiss with the variation 
of a given input parameter might differ if different refer-
ence values are used. Using the dissolution model, correla-
tions between Ldiss and the input parameters might be con-
structed. However, given the large number of independent 
parameters and the fact that the model by itself is relatively 
easy to solve, we recommend to simply calculate the solu-
tions for a specific set of parameters when necessary.

3.4  Comparison to the literature

Experimental data obtained by Cubaud et al. (2012) can be 
compared to results obtained with the dissolution model. 
Indeed, in their work, a bubbly flow was observed during 
their experiments of CO2 bubbles dissolution in water, in 
a nearly square microchannel. The microchannel had a 
width wC = 87µm, a height hC = 100µm and a length 
LC ≈ 10 cm.

In the experiments of Cubaud et al. (2012), VB, d, ℓ and 
the bubble traveling time t were recorded along the micro-
channel, for various operating conditions. As defined pre-
viously, αL and JA can be calculated from these measure-
ments as follows:

where QL is the liquid volumetric flow rate in the 
microchannel.

For a given experimental set of Cubaud et al. (2012), 
the part of the experimental data corresponding to a bub-
bly flow regime can be compared to the results of the dis-
solution model, with dh =

2wChC
wC+hC

. To use the model, the 
values of d0, ℓ0,C0 and p0 are taken at the position of the 
microchannel where the condition d0 = 0.75 dh is reached 
in the experiment. While ℓ0 is directly given by Cubaud 
et al. (2012), C0 is evaluated by a mass balance using the 
recorded experimental data. The pressure p0, also needed 
to evaluated C0, is adjusted such that the simulated pressure 
at the end of the microchannel is equal to the atmospheric 
pressure.

In Fig. 5, the dissolution model is compared with two 
sets of experimental data by Cubaud et al. (2012). For each 
of them, the dissolution model has been computed with 
either a stress-free or a rigid bubble–liquid interface. When 
a stress-free interface is considered, Eqs. 1 and 2 are used 
and it is referred to hereafter as the “stress-free model.” 
When a rigid interface is considered, Eqs. 5 and 6 are used 
and it is referred to hereafter as the “rigid interface model.”

As it can be seen in Fig. 5, for VB/JA, the solutions of 
the stress-free interface model overestimate the experimen-
tal results and the solutions of the rigid interface model 
underestimate them. This observation suggests that the liq-
uid phase used in the experiments of Cubaud et al. (2012) 
could have been contaminated, which would invalidate 
both the stress-free and the no-slip conditions on the bubble 
surface and lead to values of VB/JA between the two limit-
ing values obtained considering these boundary conditions. 
The bubble velocity VB is lower in the case of a bubble with 
a rigid interface than in the case of a bubble with a stress-
free interface because the adsorption of surfactants on the 
bubble–liquid interface “rigidifies” it under the flow, which 
thus increases the friction and slows down the bubble. Nev-
ertheless, the agreement is still good between the computed 
and the experimental data for d/dh and αL. For d/dh, the 
experimental results are almost in between the values of 
d/dh computed using the stress-free and the rigid interface 
models. The values of d/dh computed with a rigid interface 
are higher than those computed with a stress-free interface 
because the dissolution of a bubble is faster in the latter 
case, as explained in Sect. 3.1.

It is important to note that, in our previous work (Mikae-
lian et al. 2015), the correlations presented in Table 1 were 
constructed as being ℓ-independent; i.e., the values of ℓ 
used in the computations were large enough such that the 
computed Sh were independent of ℓ. This condition might 
lead to a discrepancy between the dissolution model and 

αL =
QL

QL +
πd3

6

VB
ℓ

and JA =
QL

αLwChC
,
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the experimental results of Cubaud, as the values of ℓ met 
in these experiments are smaller than the ones considered 
in our previous work in order to build the correlations of 
Table 1.

It is also worth mentioning that to establish the comparison 
presented in Fig. 5, it is assumed that the correlations obtained 
in Table 1 for a square microchannel are still valid for a rec-
tangular microchannel, provided its aspect ratio remains close 
to unity as it is the case here since wC/hC = 0.87.

To provide another link with data available in the litera-
ture, it is interesting to compare the mass transfer between the 
gas and liquid phases in microchannels with a bubbly flow 
regime and with a slug flow regime, which is the most widely 
used regime. In Yue et al. (2007), kl was evaluated in the slug 
flow regime for CO2 bubbles moving in water along a rec-
tangular microchannel with a hydraulic diameter of 667 µm. 
For a superficial velocity of the liquid JL = QL/AΣ equals to 
0.2 m s−1 and a superficial velocity of the gas JG = QG/AΣ 
equals to 1 m s−1, kl ≈ 80× 10−5 m s−1 was measured 
experimentally by Yue et al. (2007). For a square microchan-
nel with the same hydraulic diameter and the same JL, a 

bubbly flow can be observed for JG equal to 0.03 m s−1 (see 
Cubaud and Ho 2004). If we consider CO2 bubbles separated 
by a distance of 5 mm moving in water in this microchannel 
and for these JL and JG, Eqs. 1 and 2 with kl =

ShD
d

 allow 
evaluating kl for 0.15 < d/dh < 0.75 and lead to 28× 10−5 
m s−1 < kl < 42× 10−5 m s−1. The value of kl in the bub-
bly flow regime is thus of the same order of magnitude than in 
the slug flow regime, though quantitatively lower in this spe-
cific example. While the flow recirculation in the liquid slugs 
between two successive bubbles is known to enhance the mass 
transfer (Kashid et al. 2011), we have shown in Mikaelian et al. 
(2015) that liquid recirculation also exists between spherical 
bubbles under certain conditions, which could thus explain the 
comparable kl obtained in slug and bubbly flow regimes.

4  Model applications and validity

The dissolution model can be used in the bubbly flow 
regime and in the ranges of applicability of the correlations 
given in Table 1, for different purposes like:

Fig. 5  Comparison between 
the values of d/dh,αL and 
VB/JA computed with the 
stress-free interface model and 
with the rigid interface model, 
and the experimental results 
of Cubaud et al. (2012) for 
QL = 110µl min−1 (left) and 
QL = 120µl min−1 (right)
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•	 the evaluation of the length of a microchannel neces-
sary for a complete dissolution of spherical bubbles of a 
given gas in a given nonvolatile liquid;

•	 the evaluation of the maximum concentration of a dis-
solved gas in the liquid phase and the position along the 
microchannel where this maximum is reached, in the 
case of partial dissolution;

•	 the optimization of the bubble dissolution with a stress-
free or a rigid interface along a square or a circular 
microchannel.

The correlations proposed to calculate VB/JA 
and Sh (Eqs. 1–8) have been established in the 
ranges 0.15 ≤ d/dh ≤ 0.75, 1.70 ≤ Re ≤ 39.84 and 
152 ≤ Sc ≤ 551.3. Therefore, when the dissolution model 
is used to simulate the complete dissolution of bub-
bles, these correlations are used beyond their domain of 
strict validity. Nevertheless, when d → 0,VB/JA → 2.1 
is expected for a square microchannel and VB/JA → 2 is 
expected for a circular microchannel. Indeed, these values 
are the theoretical ratios between the maximum and the 
mean velocities of a laminar one-phase flow in a square and 
a circular microchannel, respectively (Bruus 2008). These 
limits are coherent with the equations proposed in Table 1 
regarding VB/JA. Moreover, as the correlations given in 
Table 1 regarding Sh have been constructed such that 
Sh → 2 as d → 0 or Re → 0, which corresponds to the 
pure diffusion limit, we expect these correlations to be also 
accurate by interpolation for 0 ≤ d/dh < 0.15.

It is worth emphasizing that the dissolution model and 
the correlations given in Table 1 proposed here can be used 
for gas absorption in a liquid, but also for gas desorption 
along a microchannel, provided a chain of spherical bub-
bles is already present.

Most often, the gas phase in a gas–liquid two-phase flow 
is not pure. The extension of our dissolution model for a gas 
phase containing several components is however straightfor-
ward. Indeed, one simply has to duplicate Eqs. 15 and 16 
for the concentration of each component, replace the gas 
pressure by the corresponding partial pressure and use the 
appropriate Henry coefficient for each component, as well 
as the corresponding diffusion coefficient in the definition 
of kl(x); Eqs. 12 and 14 remain identical; i.e., they still 
involve the total pressure. The initial concentrations and 
partial pressures should also be given for each component. 
An interesting situation to be studied with such a multi-
component model would be the competition between the 
absorption of one component, from bubble to liquid, with 
the desorption of another component, from liquid to bubble. 
We can think, for instance, of the dissolution of CO2 bub-
bles into water that already contains dissolved air.

In this work, the liquid has been assumed to be nonvola-
tile. If this is not the case, the liquid would evaporate into 

the newly generated gas bubbles, which would influence 
their dissolution. The resulting vapor would coexist with 
the gas and the multi-component model mentioned in the 
previous paragraph should apply, provided the right-hand 
side of Eq. 16 written for the vapor component is modified 
accordingly.

Colloid-armored bubbles have been obtained in micro-
channels by Park et al. (2009): Bubbles are formed at a 
T-junction in a flow of colloidal suspension, and as the gas 
dissolved into the liquid, the density of colloids adsorbed 
at the bubble–liquid interface increases, which tends to 
“rigidify” the interface. This system could then be sought 
as the limiting case of our dissolution model with rigid 
bubble–liquid interface and could thus be used for validat-
ing our model in that case. However, the exchange area 
varies also with the particle density, which would require 
modifying the present model. Apart from that point, and as 
the surface density of particles overcomes the close pack-
ing limit, the interface could buckle, either because the 
interface is still permeable to gas or because the pressure 
is suddenly increased. Nevertheless, as far as bubbles with 
buckled surfaces are concerned, it would definitely modify 
the hydrodynamics around the bubbles, hence the flow 
structure and the mass transfer. Similar conclusions have 
been obtained by Terwagne et al. (2014) who showed how 
the aerodynamics around spheres is strongly affected by 
the presence of buckling at their surfaces, as for a golf ball. 
Consequently, the correlations given in Table 1 would not 
be valid anymore and new correlations should be obtained 
first and then incorporated in the present dissolution model.

Finally, the correlations used in our dissolution model are 
based on the hypothesis that the bubbles travel along the cen-
terline of the microchannel, which is questionable because of 
the buoyancy effect that is hardly negligible given the high-
density contrast between the gas and the liquid. Neverthe-
less, Stan et al. (2011) have shown that bubbles, despite their 
buoyancy, can flow without touching the top wall of a chan-
nel because hydrodynamic lift forces balance their buoyant 
forces. The vertical position of bubbles depends on their size 
and buoyancy, as well as on the viscosity and velocity of the 
carrier liquid. For a density contrast of about 1000 kg/m3 
and d/dh = 0.67, the authors even showed that the bubbles 
remain on the centerline for µJA ≥ 5× 10−4 Pa m. Now, 
typical values of µJA considered in this paper (see Table 3), 
and in the experiment of Cubaud et al. (2012), are one order 
of magnitude smaller. Buoyancy should thus displace the 
bubble off-center, the exact position of which depends on 
d/dh, ρ,µ and JA. Therefore, and as concluded in Mikae-
lian et al. (2015), appropriate correlations for the bubble 
velocity and the Sherwood number should be first obtained 
in the case of off-center buoyant bubbles and then incorpo-
rated in the present dissolution model. Alternatively, future 
experiments specifically designed for validating our present 
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dissolution model could use a much viscous carrier fluid 
than water, such that lift forces are large enough to maintain 
the bubbles at the center of the microchannel, as described in 
Stan et al. (2011).

5  Conclusions and perspectives

In this paper, the correlations established by Mikaelian et al. 
(2015) and presented in Table 1 are integrated into a math-
ematical model of a whole microchannel, where a chain of 
spherical bubbles is dissolving into a nonvolatile liquid. This 
dissolution model is based on mass and momentum bal-
ances. Pure gas bubbles are considered in this model, with 
either a stress-free or a rigid interface, in a square or a cir-
cular microchannel. This model enables predicting, in these 
different cases, the evolution of the bubble diameter, the bub-
ble velocity, the separation distance between two successive 
bubbles, the liquid fraction, the pressure in both the liquid 
and the gas phases, the concentration of the dissolved gas in 
the liquid phase and the mass transfer coefficient between 
the bubble and the liquid phase. The use of the dissolution 
model shows the influence, on the gas dissolution rate, of the 
interfacial boundary condition and of the microchannel type. 
The three cases considered in Sects. 3.1 and 3.2 and pre-
sented in Fig. 2 highlight the complexity of the interactions 
between the different factors influencing the transport phe-
nomena taking place within a microchannel where a bubbly 
flow regime is encountered. A parametric sensitivity analysis 
of the dissolution model is also carried out to highlight the 
influence of the input parameters on the length of the micro-
channel necessary for complete dissolution (Ldiss).

A good agreement relying on a relative difference of less 
than 20 percent is observed between data predicted by the 
dissolution model and experimental data of Cubaud et al. 
(2012), for a nearly square microchannel. This conclusive 
comparison can be seen as a first validation of the disso-
lution model as well as of the correlations for VB/JA and 
Sh proposed by Mikaelian et al. (2015). The fact that the 
experimental data for VB/JA lie between the two limits of a 
stress-free and a rigid interfacial boundary condition indi-
cates a possible contamination of the interface that may be 
responsible for conferring a partially rigid behavior to the 
bubble surface in the experiments. Another possible expla-
nation for the discrepancy between experiment and theory 
is the possible role of buoyancy as discussed in Sect. 4. Fur-
ther investigations are needed to verify these conjectures.

Additionally, as only the transition from a slug flow to a 
bubbly was characterized by Cubaud et al. (2012), it could 
be interesting to set up an experiment where only a bubbly 
flow is observed along an entire microchannel. The results 
could then enable a more profound validation of the disso-
lution model proposed in this work.

The comparison between values of kl in the bubbly flow 
regime estimated using the correlations given in Table 1 
and values of kl evaluated experimentally in the slug flow 
regime by Yue et al. (2007) shows that they are of the same 
order of magnitude. One possible explanation is that, like in 
the slug flow regime, flow recirculations between two suc-
cessive bubbles can be present in the bubbly flow regime, 
as showed in Mikaelian et al. (2015).

The proposed correlations and model for the dissolution 
of a chain of spherical bubbles can be applied for square 
and circular microchannels of various sizes and for vari-
ous combinations of gas and liquid. Therefore, they can be 
used, for instance, for designing lab-on-a-chip devices for 
the absorption of various gases in various liquids. Contra-
rily, they can also be used for computing bubble desorption 
and growth along a microchannel.

Finally, we believe that the two-step methodology we 
have developed here, which consists in first establishing 
correlations numerically (see Mikaelian et al. 2015), and 
second incorporating them in a dissolution model that relies 
on balance equations, should pave the way for modeling the 
dissolution of a chain of liquid droplets into another mis-
cible carrying liquid in microchannels, as encountered, for 
instance, in all-aqueous droplet microfluidics (Ziemecka 
et al. 2011a, b), in microfluidic protein encapsulation (see, 
e.g., Trana et al. 2011) or in microfluidic fabrication of pol-
ymersomes (see, e.g., Thiele et al. 2010).
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Appendix: Supplementary materials for the model 
construction

Separation distance between two successive bubbles 
along the microchannel

For �x → 0, it can be considered that a bubble moves from x 
to x +�x at a velocity VB(x). The time for this bubble to travel 
the distance �x is equal to �x/VB(x). During this time, the pre-
ceding bubble moves on a distance �x − ℓ(x +�x)+ ℓ(x) at 
a velocity VB(x − ℓ(x)):

or, after rearrangement,

(17)
�x

VB(x)
=

�x − ℓ(x +�x)+ ℓ(x)

VB(x − ℓ(x))
,

(18)
ℓ(x +�x)− ℓ(x)

�x
=

VB(x)− VB(x − ℓ(x))

VB(x)
.
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For �x → 0, Eq. 18 leads to:

where the prime denotes the derivative with respect to x. 
As ℓ(x) ≪ x, except of course in the vicinity of the inlet, 
VB(x)− VB(x − ℓ(x)) is approximated by the first order of 
its Taylor expansion, i.e., V ′

B(x)ℓ(x). Equation 19 then sim-
plifies into Eq. 11.

Concentration of the dissolved gas in the liquid phase 
along the microchannel

For a control segment of the microchannel of length �x 
(see Fig. 6), the following mass balance can be written for 
the transferred species between the gas phase and the liquid 
phase, using the ideal gas law:

QL is taken independent of x thanks to the fact that the gas 
density is much lower than the liquid density, such that the 
amount of gas dissolved in the liquid does not significantly 
affect its flow rate.

Using Eq. 9, Eq. 20 can be rearranged as

For �x → 0, Eq. 21 becomes

or equivalently recasts into Eq. 15.

(19)ℓ′(x) =
VB(x)− VB(x − ℓ(x))

VB(x)
,

(20)

QLC(x)+ QG(x)
pG(x)

RT
= QLC(x +�x)

+ QG(x +�x)
pG(x +�x)

RT
.

(21)

C(x)+
1− αL(x)

αL(x)

pG(x)

RT
= C(x +�x)

+
1− αL(x +�x)

αL(x +�x)

pG(x +�x)

RT
.

(22)C′(x) = −
1

RT

(

1− αL(x)

αL(x)
pG(x)

)′

,

Bubble diameter along the microchannel

If a bubble is at the coordinate x at time t and at the coor-
dinate x +�x at time t +�t and if �t → 0 is consid-
ered, �t can be replaced by �x/VB(x) and the following 
mass balance can be written for the transferred species 
between the gas phase and the liquid phase, using the 
ideal gas law:

For �x → 0, Eq. 23 becomes

or equivalently recasts into Eq. 16.
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